We prove that two in nite p-adic semi-algebraic sets are isomorphic (i.e. there exists a semi-algebraic bijection between them) if and only if they have the same dimension.
semi-algebraic if it is a Boolean combination (i.e. obtained by taking nite unions, complements and intersections) of sets of the form fx 2 K m jf(x) 2 P n g and fx 2 K m jf(x) = 0g, with f(x) 2 K X 1 ; : : : ; X m ]. The collection of semi-algebraic sets is closed under taking projections K m ! K m?1 , even more: it consists precisely of the projections of a ne p-adic varieties (see 2] and 5]). Further we have that sets of the form fx 2 K m jv(f(x)) v(g(x))g with f(x); g(x) 2 K X 1 ; : : : ; X m ] are semi-algebraic (see 2], Lemma 2.1). A function f : A ! B is semi-algebraic if its graph is a semi-algebraic set; if further f is a bijection, we call f an isomorphism and we write A = B.
Let be a xed element of R with v( ) = 1, thus is a uniformizing parameter for R. For a semi-algebraic set X K we write X (k) = fx 2 Xjv( ?v(x) x ? 1) kg; which is semi-algebraic (see 2], Lemma 2.1); X (k) consists of those points x 2 X which have a p-adic expansion x = P 1 i=s a i i with a s = 1 and a i = 0 for i = s+1; : : : ; k ?1. By a nite partition of a semi-algebraic set we mean a partition into nitely many semi-algebraic sets. Let X K n , Y K m be semi-algebraic. Choose disjoint semi-algebraic sets X 0 ; Y 0 K k for some k, such that X = X 0 and Y = Y 0 , then we de ne the disjoint union of X and Y up to isomorphism as X 0 Y 0 . In the introduction of 1] it is shown that we can take k = max(m; n), i.e. we can realize the disjoint union without going into higher dimensional a ne spaces. We recall some well-known facts.
Lemma 1 (Hensel) Let f(t) be a polynomial over R in one variable t, and let 2 R; e 2 N . Suppose that f( ) 0 mod 2e+1 and v(f 0 ( )) e, where f 0 denotes the derivative of f. Then there exists a unique 2 R such that f( ) = 0 and mod e+1 .
Corollary 1 Let n > 1 be a natural number. For each k > v(n), and
is an isomorphism.
The next theorem gives some concrete isomorphisms between one dimensional sets.
Proposition 1 ( 1], Prop. 2) (i) The union of two disjoint copies of R n f0g is isomorphic to R n f0g.
(ii) For each k > 0 the union of two disjoint copies of R (k) is isomorphic to R (k) .
(iii) R = R n f0g.
We deduce an easy corollary, also consisting of concrete isomorphisms.
Corollary 2 For each k we have isomorphisms (i) R (k) = R n f0g, (ii) R n f0g = K. Proof. (i) There is a nite partition R nf0g = S R (k) with v( ) = 0, say with s parts. Then R n f0g is a fortiori isomorphic to the union of s disjoint copies of R (k) , which is by Proposition 1(ii) isomorphic to R (k) .
(ii) The map
is a well-de ned isomorphism. It follows that K is isomorphic to the disjoint union of R and Rnf0g. Now use (i) and (iii) of Proposition 1.
Q.E.D.
Give K m the topology induced by the norm jxj = max(jx i j p ) with jx i j p = p ?v(x i ) for x = ( De nition 1 ( 6] ) The dimension of a semi-algebraic set X is the greatest natural number n such that we have a semi-algebraic subset A X and an isomorphism from A to a semi-algebraic open subset of K n . P. Scowcroft and L. van den Dries 6] proved many good properties of this dimension, for example that it is invariant under isomorphisms. Proposition 2 ( 6] ) Let A and B be semi-algebraic sets, then the following is true:
We will prove the converse of (i) for in nite semi-algebraic sets.
Lemma 2 For any semi-algebraic set X of dimension m 2 N 0 there exists a semi-algebraic injection X ! K m . Proof. By 6] , Cor. 3.1 there is a nite partition of X such that each part A is isomorphic to a semi-algebraic open A 0 K k for some k m. Now realize the disjoint union of the sets A 0 without going into higher embedding dimension (see the introduction).
We formulate the p-adic Cell Decomposition Theorem by J. Denef 2, 3] , which is the analogue of the real semi-algebraic Cell Decomposition Theorem. The next lemma is also due to J. Denef 3] . Let f i be the polynomials which appear in a quanti er free formula which de nes A 0 . Apply now the Cell Decomposition Theorem as in the proof of 3], Thm. 7.4 to the polynomials f i ; g j to obtain the lemma.
The proof of the next proposition is an application of both the Cell Decomposition Theorem and some hidden Presburger arithmetic in the value group of K; it is the technical heart of this paper.
denotes the set f0g.
De nition 2 We say that a semi-algebraic function f : B ! K satis es condition (1) We may assume that 6 = 0, a 1 6 = 0 6 = a 2 , i is either or no condition and since the translation fx 2 Kjv(a 1 ) 1 v(x) 2 v(a 2 ); x 2 P n g ! A : x 7 ! x + c is an isomorphism, we may also assume that c = 0. If both 1 This shows we can reduce to the case that X has the form X = fx 2 Kjv(a 1 ) v(x) 2 v(a 2 ); x 2 P n g; (2) with a 1 6 = 0 6 = a 2 , 6 = 0, 2 either or no condition and v(b j (x)) = 1 e j v( j (x) j ) for each x 2 X.
Case 1: 2 is (in equation (2)).
By Hensel's Lemma we can partition X into nitely many parts of the form y + s R for some xed s > v(a 2 ) and with v(a 1 ) v(y) v(a 2 ) for each y. i ): If 2 is no condition, the claim is trivial. It follows that we can reduce to the case that we have an isomorphism
with 6 = 0, such that each b j f satis es condition (1).
Suppose we are in the case described in ( Suppose now that X is of the form described in (3) Remark 1 Proposition 3 can be strengthened, adding conditions on the Jacobians of the isomorphisms, to become useful to p-adic integration theory.
Theorem 2 Let X be a semi-algebraic set, then either X is nite or there exists a semi-algebraic bijection X ! K k with k 2 N 0 the dimension of X. Proof. We give a proof by induction on dim(X) = m. Let dim(X) = 1. Use Proposition 3 to partition X such that each part is isomorphic to either R (k) or a point. By combining the isomorphisms of Proposition 1 and Corollary 2, it follows that X = K. Now suppose dim(X) = m > 1. Proposition 3 together with the case m = 1 implies that we can nitely partition X such that each part is isomorphic to K l , for some l 2 f0; : : : ; mg, with K 0 = f0g. Suppose Remark 2 The eld F q ((t)) of Laurent series over the nite eld is often considered to be the characteristic p counterpart of the p-adic numbers. D.
Haskell and the author 1] proved that the Grothendieck ring of F q ((t)) in the language of rings is trivial, analogously as for Q p . In 1], proof of Thm. 2, it is also shown that there is a de nable injection from the plane F q ((t)) 2 into the line F q ((t)), which makes it plausible we cannot de ne an invariant for this eld which behaves like a (good) dimension. It is an open question to classify the de nable sets of F q ((t)) up to de nable bijection.
